AP CalculusBC
Review: Sequences, Infinite Series, and Convergence

Sequences
A sequence{ay} is a function whose domain is the set of posiiitegers.

e The functional values,, a,, a3, ...a, are called théerms of the sequence. The numlagris called the
nth term of the sequence.

e A sequence is eitheonvergent (if the sequence has a limit, i.e. it approachspexific number) odiver -
gent (if the sequence does not approach a specifit) limi

e Finding the limit of an infinite sequence utilizthe following theorem
i) If {an} is a sequence arfids a function such that f(n) &, for all positive integers nAND
i) if f(x) is defined for all real numbersx 1, AND
i) if lim o f(X) exists, then limL an= limy_,, f(X)

The theorem above allows us to evaluate limitsegfugnces at infinity by using the results for eatihg
limits of functions at infinity. Especially usefulill be L'Hopital's Rule for indeterminate forn/Q oroco/co)

Example1: Find the limit of the sequenééﬂn}.

6 9
g0’ els
infinity. Let's apply the theorem anyway.

First note that the first three terms %e This sequence is obviously approaching 0 aspnoaghes

Let f(x) = %, then
3x

lIMyLo FX) = liMyo &= g so L'Hopital's Rule can be applied.

liMys 0 % = 1limys e 5% = 0, therefore (as we predicted) the sequencegecges to 0.
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Example2: Show that the sequen{:ﬂﬁnﬁ—”s} converges.

Again, let's look at the first couple of terms.

17 55
%

Looks like the terms are converging to 2.

1
, . 1+2n . 1428 @ , w12 2
lIMyse FOO = liMyse (2—3) = liMyse (+T ) = liMyse (T) =i=2

A Hlx | =

We will often have to find a formula for the gerlema nth, term of a sequence. Look at the neangxe.

9 27 81

Example 3: If the first four terms of a sequen@g} are 1,5, 7, ¢

a) find a formula for the nth term of the sequence

b) determine whether the sequence converges ergiis

First, let's rewrite the sequnecesls ¥ ¥ 3
' Exdi AT
Now, notice that the denominators are one lessrnatiples of 4. So the sequence can be written

3 i 3 3
40)-1" 4Q-1' 43-1' 4@-1’

3n

therefore, the nth term &, = ——;

b) Letf(x) = o

since lim_ f(X) = g we can apply L'Hopital's Rule

¥ 3(n3) _
4x—1_|'mx—’oo 4 T

iMoo o. Therefore, the sequence diverges.
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Series

If {a,} is a sequence, théh = a; +a,+az+ ...+a, is called the nth partial sun3,} is a sequence of partial
sums. For example,

S=a, Stagt+ay, S=ag+ay+az, S =a+ax+az+ ...+a,.

For the infinite series which is denotgff ; an =ay +ax+ag+ ...+ an+ ...

e If limp, . Siexists and is equal to the number L, then the s@tfe, a, converges and L is the sum of the
series.

o Iflimy,. S is nonexistent, then the serigs ; a, diverges and has no sum.

We will often be asked to determine whether amitdiseries converges or diverges and, if is cajperwhat
is the series' sum?

It is often difficult, if not impossible, to finche sum of an infinite series. So, let's conceatoatjust determin-
ing whether or not a series converges. We willthe most frequently used tests to determine agavee.
They are listed below.
1. nth term test

For the infinite serie§}? ; a,

i) if im,.. an# 0, then the series diverges.

i) CAUTION! Iflim .. a, = O, the series does not necessarily converge.

iii) if the series does converge, then/lim a, = 0.

Do not be confused with the nth term test. Whaaigs is that if the limit of the nth term is ngtten the
series diverges. However, the fact that the lohthe nth term is 0 does not mean that it necégsamverges.
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Example4: Determine whethey,; 2" converges or diverges.

Let's look at the first three terms,
2,4,8

Obviously, each successive term is greater thaprgous so lim,., 2" = co. Since lim_ a, # 0, the series
diverges.

2. Specific Series Type
A) Thegeometric series 32, a-r"1 (a# 0)
i) convergesifr| <1 and has a suqqf—r
ii) divergesifir|=1

Example5: Determine whethey;? ; % converges or diverges.

5 _ 1 _ 1 _ 5 1\n-1
w13 =215 5 =25 53T Sz (3) -
This is a geometric series with agrand r =%.

Since|r| =| % | <1, the series converges. In this case, we asitydind the sum of this series.

B) Thep-series 352, nip

i) convergesifp>0

ii) diverges if p< 1
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Example6: Determine the convergence or divergence of%1++% + % + ...+ niz + ...

1 1 1 1 — Yoo 1
+ = il - - = j——
1 AR T PR - S PR 2”=1n2'

This is a p-series with p = 2. Since p > 1, thréeseconverges.

Example 7: Determine the convergence or divergencgRf \/1_4
n
Zne1 ﬁ = 21 n‘%
This is a p-series with p ;é, Since p < 1, the series diverges.
C) Theharmonic series 32, % diverges (notice this is really just a p-seriethva = 1)
Example 8: Determine the convergence or divergencgf %
ne1 % =3 - 201 %

Since)y, % diverges, so does 33, %

D) Thealternating series 32 ; (= D" tla, or Sz, (=1 a, converges if :

i) 0< a <a,,i.e.the series is non-increasiD
n+1

i) limp,. a,=0 (note that is condition by itself is not suféiot to determine convergence
but, when used in conjunction with a non-increasattgrnating series, the two conditions determine
convergence)
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n+1

Example9: Determine the convergence or divergencgpf (_;)n .

0 (—l)r”l — N0 1 1 H 1

1 an = 2ne (DT 5 witha, = o
We must verify two conditions:
1) ah 1< &y and 2) lim,.,a,=0

1 1 . 1

305D < 3n ?? lIMho o 3n = 0 Truev
3n<3(n+1)
3n<3n+3
0<3 Truev

Therefore, the series converges by the alternagnigs test

3. Ratio Test

an+1

For the serie§? ; a, find ’ o |- L

i) if L <1, then the series converges absolutely
ii) if L > 1 (or L is infinite), then the series\wdrges

i) if L = 1, the test is inconclusive - must tanother test

Hint: Try the ratio test i, contains factors such as nhdr

Note: A series for whicl,?; | a, | converges is called an absolutely convergent setieaddition, if the
series is absolutely convergent, then it is alsb gonvergent. However, if a serigg ; a, is convergent,
but the seriegy> ; | a, | is divergent, then the serig¥: ; a, is called conditionally convergent.
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n+1

An example of this is the serig¥’ ; % which is convergent by the alternating series bestthe series

oo (_1)n+1 _ o 1. . . . (_1)n+1 . .
2ot | - | =21 5 Is adivergent harmonic series. So the seffes — — is a conditionally convergent

series.

Example 10: Determine the convergence or divergencgpf i—?

With ag = >

iMoo | 2 ‘ = limp.e, (_” =limy | 255 B [=limpe | 25| = 0=L
Since L < 1, the series converges absolutely.

Example 11: Determine the convergence or divergencgpf n%

With a, = =

M | 22 ] = limne | 2 T |2 limee | 2| =1=L

With L = 1, the Ratio Test is inconclusive. Howeuée serie? ; n% is just a p-series with p = 4 >1, so the

given series converges absolutely.

4) Root Test
For the seried,; a, find limp,,/ |an| =L

i) if L <1 then the sereis converges absolutely
ii) if L> 1 (or L is infinite), then the serieswrges

i) if L =1, the test is inconclusive and anothest may be used

Note: The Root Test is used infrequently on the AP Exam
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Example 12: Determine the convergence or divergencgpf %

1
. . . e3n . e3n\ -
Mo [ 30 ] = 1Moo o | 5| = limoec (7]

We can drop the absolute value since all termposéive.

- |imw(§) —0=L

Since L < 1, the given series converges absolutely.

1
(Inn)™*

1
: ) . [ 1 g [ 1 1 \a
iMpse @] =My, o |W = liMneo anny —“mn%oo(W)

_n 1 _ A _
= liMps oo = 0=1L

Example 13: Determine the convergence or divergencgpf

Since L < 1, the given series converges absolutely.

n+H"

Example 14: Determine the convergence or divergencgpf PTYETE

(n+1)"
@n+1)"

. (n+1)" . . n+1
Ilmnam n | (2n+1)n = ||mn4)00 n = Ilmnam (m) = 2 = L

Since L > 1, the given series diverges by the Hest
5. Integral Test

For the serie§}? ; a,, wherea, = f(n) and f(n) is positive, continuous, and decreasimg 1:
i) if the improper integrajlm f(x) dx exists, then the serig§’ ; a, converges.

ii) if the improper integrafloo f(X) dx = o0, then the serie¥;; ; a, diverges.
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Example 15: Determine the convergence or divergencgpf ﬁ

Let f(x) = ﬁ (Note that f(x) is positive, continuous, and @éaing for x= 1.

1 T 1 o 1 3 T 1 c
F g dx=limeg [fsor dX=liMe 5 [5or dX=lime_sq 50N | 3x + 1] .

liMeeo (N [3X + L[] = S liMeoe [IN 3¢ + 1| =IN4] = o0

Wl

Therefore, the given series diverges by the integsh
6. Comparison Test

Let 3> ; a, and}}> ; b, be a series of positive terms:

1) if Yo, by is @ known convergent series aam< b, for all positive n, then the serig¢¥? ; a, is
convergent.

i) if Xnoqbnis a known divergent series apgl= b, for all positive n, then the serig¥>, a, is
divergent.

Example 16: Determine the convergence or divergencgpf %

Let Yo ian=201 ﬁ; consider the seri€gy ; bn= 2724 25—n

5 5
lLan=g57 <z =bhn

2.3 bh= 32 23” = 2;":15(%)” This is a convergent geometric series With%‘ z 1. Sincea, < b, and

~ 1 bn converges, ther}}? ; a, converges.
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7. Limit Comparison Test
Let >, a, and >, b, be series of positive terms.

Find limn,o ? = L.
n

i) if L> 0, then the serie¥, ., a, and >}, b, either both converge or both diverge.
ii) IfL=0,andif >, b, converges, thep,; a, converges.
iiN) if L = oo and if 3,2, by converges, thep;; ; a, converges.

Example 17: Determine the convergence or divergencgpf m.

Choose the seri€gy ; niZ which is a convergent p-series (p = 2 > 1) with- mandbn = niZ

. an) _ 1 n_2 T n? _ 1
Ilmnm(bn) = Ilmnm(—‘mz_5n+3 T ) = Ilmnm(—‘mz_5n+3 =7> 0.

So the given series converges by the limit comparisst.
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Summary of Testsfor Convergence or Divergence of Infinite Series

Test Series Necessary Conditions Conclusion
nth term 21 8n liMyeoanz 0 diverges
Geoemtric Series Y7, a, [r|<0 converges
[r{=0 diverges
p-Series 2o % p>1 converges
p=<1 diverges
Harmonic Series 2o % diverge
Alternating Series >, (- " 1a, O<api=a,andlim_,an,=0 converges
Ratio Y an lim .. | 22| <1 converges
lim e | 22| >1 diverges
limy. |22 = 1 inconclusive
Root 21 8n iMoo |an] <1 converges
IMpse {/ lan| >1 diverges
liMpseo/ |an] =1 inconclusive
Integral 21 @n a, = f(n)and fis continuous,

positive, and increasing

J7f (0 dx exists

7 f(x) dx does not exists

21 @n CONverges

2oy &, diverges
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Comparison ne1 an 0 <a,=< b, and}}; b, converges

an = by, > 0 and}}? ; b, diverges

| @, converges

2oy &, diverges

Limit Comparison >, a, iMoo E—: =L >0and};>, b, conv.

21 @n CONverges

liMnpeo ‘;—: =L >0 and},;, b, diver. >, a, diverges

Alternating Series Error Bound

If the sum of a convergent alternating series aximated by using the sum of the first N termshef series,
an error is introduced. A theorem in calculusestahat the absolute value of this error is leas the value of
the N + 1st term. In other words, if the sum @& Heries is S and we approximate the series' sugy(the sum

of the first N terms), then the errBy, is given by:
IS-S|=|Ra|=<an:1

Example 18: Approximating the sum of the following seriesity/first 5 terms

00 n{1)\_ 1 1 1 1 1 1
S () =1+t m T m o wm
The sum of the first 5 terms is 1 + - = + = - - ~-.838611

The given series is convergent by the AlternatiageS Test since

L <1 -a,andlim,.a,=0

- (n+1) n

any1

The error bound is given bj5:-S | = | Rs | < ie ~ .027778

So the actual sum lies betwegn- .027778 an&; + .027778; therefore the sum, S, of the seriesitighe

interval

-.838611 - .027778 S< -.838611 + .027778

-.866389< S< -.810833
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Radiusand Interval of Convergence of Power Series

The infinite series discussed so faf; ; a, have involved sums of constant terms wtegre f(n) for some

function f. We now investigate infinite series vgeaterms are constant multiples of x - ¢, with mge
specific number.

A power series centered at c is a series of thra for
Y2 (X—0"=ag- (Xx-0)%a; - (X— )l +ay- (X—C)?+az - (X—C)%+ ... +a - (X—O)"+ ...
= agta;-(X—C)+ay- (X—-C)2+az-(X—C3%+ ...+a,-(X—0)"+ ...

For each value of the variable x, the power segpsesents a series of numbers whose convergertieens
gence can be determined using the tests previdisiyssed

e For any power seri€gy ; an- (x—0)", exactly one of the following conditions is true:

i) the series is only convergent when x = ¢
i) the series is absolutely convergent for all x
OR

i) there exists some positive number R for whilsh series converges absolutely for x such|#hat]
< R and diverges for all x such that- ¢ > R

e The number R is called the radius of convergerficke power series:
i) if the series is only convergent at x = c, tllea radius of convegence is R = 0.

ii) if the series is convergent for all x, the ialof convergence is infinity

e The set of all numbers x for which the seriesosvergent is called the interval of convergencthefpower
series. As we shall soon see, a power series praxerge at both end points, at just one endpoirat both
endpoints of the interval of convergence. Therirgkof convergence may be in one of the followiogns:

[c-R,c+R]Jor(c-R,c+R)or(c-R,c+®&][c-R,c+R)
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Example 19: Find the radius of convergence for the poweresgif’ , X"
With a, = X", using the Ratio Test, we have

H an+1 H xn+1
lim 2= = lim A
N—oo an N—-oo Xn

= liMpso [ X] = IX|

If the limit above is less than 1, then the sec@sverges absolutely. We solx¢< 1 toget-1 <x<1.
Next, check for convergence at the endpoints

1. When x =1, series [§7 ,(1)" =1+ 1+ 1+ ...which diverges

2. Whenx=-1,series}§ , (-1)"=1-1+1-1 + . . . which diverges

After excluding both endpoints, the interval of eergence is (-1, 1): the radius of convergence is 1

Example 20: Find the interval of convergence for the sepigs, ’;—n

With a, = § using the Ratio Test again:

; An+1 : X"t n
lim — | = lim — . =
Nn—oo an N—oo n+1 XN

. n
= limpoo | m-x| = 14| =|x|

When this limit is less than 1, the series convergeé< 1= -1 < x < 1. Check for convergence at the end-
points:

1. When x = 1, the series}¥, % =200 % which is the divergent harmonic series.

2. When x = -1, the series}¥’ % which converges by the alternatin series test.

So we exclude x = 1, but include x = -1. Theretbeeinterval of convergence is <Ix <1 or [-1, 1)



